In this note, we classify all finite groups having exactly 6, 7 or 8 cyclic subgroups. This gives a partial answer to the open problem posed by Tȃrnȃuceanu (Amer. Math. Monthly, 122 (2015), 275-276). As a consequence of our results, we also obtain an important result concerning with the converse of Lagrange's theorem.
1 Introduction Let G be a finite group and let c(G) denote the set of all cyclic subgroups of G. In this note, we work on a basic problem of group theory. It is always interesting and worthwhile to classify finite groups with specific properties. Recently, Tȃrnȃuceanu [5] proved that a finite group G has |G| − 1 cyclic subgroups if and only if G is one of the C 3 , C 4 , S 3 or D 8 . In the same paper, he posed an open problem:
Open problem. Describe the finite groups G satisfying |c(G)| = |G| − r, where 2 ≤ r ≤ |G| − 1.
Motivated by his work, Zhou [6] found all finite groups G with |c(G)| equal to 3, 4 or 5. In this note, we give a partial answer to the above posed problem and classify all finite groups G satisfying |c(G)| = |G| − r, where r = |G| − 6, |G| − 7 or r = |G| − 8. Equivalently, we classify all finite groups G having exactly 6, 7 or 8 cyclic subgroups. As a consequence, we also give a very short and easy proof of the main result of Zhou [6] . In Section 3, we collect some basic results. We compute number of cyclic subgroups of G whenever order of G is pq or p 2 q, where p and q are primes. As a consequence, we also prove that A 4 , (the group of all even permutations on four symbols) is the only group of the order p 2 q, where p < q, for which the converse of Lagrange's theorem is not true. We, also compute the order of c(G), when G is a finite p-group of order less or equal to p 4 . Using these results as building blocks, we derive our main results in Section 4 which classifies all finite groups G with |c(G)| = 6, 7 or 8.
Notations and Preliminary Lemmas
For any positive integer n, let d(n) denote the number of positive divisors n and φ(n) denote the number of positive integers less than and relative prime to n respectively; by C n we mean a cyclic group of order n. For a prime p, n p denote the number of Sylow p-subgroups of the group G. Observe that, if G is a finite elementary abelian group of order p n , then G has p n−1 + p n−2 + . . . + p + 2 cyclic subgroups. The following result is due to Richards [2, Theorem] . We use this result quite frequently in the proofs of Section 4 without any further reference. Proof. It follows from Sylow's theorem that G has a unique Sylow q-subgroup. Since G is non-abelian, the number of Sylow p-subgroups of G are q. Also, the group G has an identity subgroup. Thus G has q + 2 cyclic subgroups. Proof. First suppose that G is abelian. If G is cyclic, then |c(G)| = 6. Assume that G is non-cyclic abelian group. It follows from the Sylow's theorem that the group G has a unique Sylow p-subgroup and a unique Sylow q-subgroup respectively and hence (p−1)(q 2 −1) elements of order pq. Thus G has 2q +4 cyclic subgroups. Next, we assume that G is non-abelian. It follows from Sylow's theorem that n q = 1 and n p is either q or q 2 . Observe that if n p = q 2 , then G has q 2 (p − 1) elements of order p and hence G has no element of order pq. First suppose that the unique Sylow q-subgroup is cyclic and n p = q 2 . Thus |c(G)| = q 2 + 3. Now, suppose that the unique Sylow q-subgroup of G is elementary abelian. Thus G has q + 1 cyclic subgroups of order q. If n p = q 2 , then |c(G)| = q 2 + q + 2. Assume that n p = q. The group G has q(p − 1) elements of order p. Also, the group G has unique Sylow q-subgroup. Thus remaining non-trivial elements of G are of order pq. Hence G has q cyclic subgroups of order pq. If unique Sylow q-subgroup is cyclic and n p = q. Then |c(G)| = 2q + 3. And, if unique Sylow q-subgroup is elementary abelian and n p = q, then as in above case |c(G)| = 3q + 2. 
Observe that G 1 = a, b ⊕ c . It follows from Lemma 3.1 that a, b has q subgroups of order p. Let a 1 = (x, y) ∈ G 1 be any element. Then |a 1 | = p only if, |x| = p and |y| = p or |x| = p and |y| = 1 or |x| = 1 and |y| = p. Thus G 1 has p 2 q − pq + p − 1 elements of order p and hence pq + 1 cyclic subgroups of order p. Similarly, it is easy to see that G 1 has a unique cyclic subgroups of order q and pq. Thus |c(G 1 )| = pq + 4.
The second group
Using the fact ba = a i b and ord q (i) = p and induction, we have
Observe that every element of G 2 can be written in the form a r b s , where 1 ≤ r ≤ q and 1
We prove it, by using induction on n. If n = 1, then the result is trivially true. Assume that result is true for n − 1. Now, consider
Thus G 2 has unique cyclic subgroup of order pq. Hence |c(G 2 )| = q + 4. If p 2 | q − 1, then it follows from [1, page 76-80] that there are three non-abelian groups. We have both groups G 1 and G 2 of above case together with G 3 . If G is one of G 1 or G 2 , then we have already calculated number of cyclic subgroups. Let
Observe that G 3 has a unique Sylow q-subgroup and q Sylow p-subgroups, respectively. Thus G 3 has pq(p − 1) elements of order p 2 . Since ba = a i b, every element of G 3 will be written a m b n for some integer m and n. Consider any non-identity a m b n element of G 3 , where 1 ≤ m ≤ q and 1 ≤ n < p 2 . Then as in the above case (a m b n ) p = a rm b pn , where
Thus a rm b pn = 1, only if p|n and m can take any value. Thus G 3 has (p − 1)q elements of order p and thus G 3 has no subgroup of order pq. Hence |c(G 3 )| = 2q + 2. One of the most important theorems of group theory is Lagrange's theorem, which states that: In a finite group G the order of a subgroup divides the order of the group. The converse of this theorem is true for all finite abelian groups. But, for the non abelian groups, the converse is not true in general. The smallest order of a group G for which converse is not true is 12 = 2 2 3 and the group G is A 4 . It has been known since 1799 that A 4 has no subgroup of order 6. Quite surprisingly, in the following theorem, we prove that A 4 is the only group of the order p 2 q, where p < q, which has no subgroup of the order pq = 2 × 3 = 6. Proof. It is sufficient to show that if G = A 4 , then G has a subgroup of order pq. Let |G| = p 2 q, where p < q. Then it follows from the proof of the Proposition 3.3, G has either a normal subgroup of order p or q. Thus except A 4 , every group G of order p 2 q has a subgroup of order pq. This proves the result. 
Remark 3.7. The above result can be generalized for arbitrary finite abelian p-group.
Using the same technique, it can be seen that if
The following table represent the number of cyclic subgroups for all the finite groups of the order p 3 . If G is an abelian group, then |c(G)| is obtained from Proposition 3.6 and, if G is non-abelian p-group, where p is odd, then the result follows from [4, Page 62 and 64]. It is also worthwhile to mention here, statha et al. in [4] used combinotorial technique to compute the number of cyclic subgroups of a finite group. But in this paper, we used only group theoretic techniques only. 
Next, we calculate the number of cyclic subgoups of all finite p-groups of order p 4 . The list of groups of order 2 4 is given in [3] . There are 14 groups of order 16. Out of them nine are non-abelian. We write the ith group of order 16 in the list as G i and generators 1, 2, 3 and 4 respectively x, y, z and w. The groups G 6 to G 11 are of nilpotency 2 and G 12 to G 14 are of class 3. In the following proposition, we take one group G 6 out of the groups G 6 to G 11 of class 2 and a group G 12 out of the groups G 12 to G 14 of class 3 and find the number of cyclic subgroups for these groups. Similarly, one can compute |c(G)| if G is one of G 7 to G 11 or G is one of G 12 or G 13 . We write |c(G i )| for 6 ≤ i ≤ 14 in Table 2 .
Proposition 3.8. Let G be a non-abelian group of order 2 4 . If
then |c(G)| = 14 and if
Proof. First suppose that G = G 6 . Observe that every element of G will be written in the form x i y j z k , where 1 ≤ i ≤ 4, 1 ≤ j ≤ 2 and 1 ≤ k ≤ 2 and Z(G) = x 2 , z . Thus nilpotency class of G is 2, and hence (
y 2j x 2ij = 1, only if j = 1 and i, k can take any values or j = 0 and i = 2, 4 and k can take any value. Also (x i y j z k ) 4 = 1 for any values of i, j and k. Thus G has 11 elements of order 2 and 4 elements of order 4 and one identity. Hence |c(G)| = 14. Let
Observe that cl(G) = 3, yx = x 7 y and every element of G will be written in the form x i y j , where 1 ≤ i ≤ 8 and 1 ≤ j ≤ 2 and
Thus G has 9 elements of order 2, two elements of order 4 and 4 elements of order 8. Hence |c(G)| = 12.
From the Propositions 3.6 and 3.8 and Remark 3.7, we constitute the following table (Table 2 ) consisting the number of cyclic subgroups of a group G for the cases, either G is an abelian group of order p 4 or G is a non-abelian group of order 16. [4] these groups are numbered from (vi) to (xv). In this paper, we number them G(vi) to G(xv). Observe that the groups G(xii), G(xiii) and G(xv) have two different presentations, one for p = 3 and the other for p > 3. In [4, Chapter 2] the number of cyclic subgroups of these groups have been calculated except for the groups G(xii), G(xiii) and G(xv) and when p = 3. In the following proposition, we calculate |c(G)|, for these groups G when p = 3. 
